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Linear PEF Properties

1) Ax(2), forward PEF isaMin-Phase filter. The proof is by induction and isin the book.

2) By(2), Backward PEF is a Max-phase filter. However, for a perfectly predictable process, all
roots of By(z) lie on the wunit circle. For a pefectly predictable process
Ey =0=(- [k,[)E}. P [k |=1

3) A PEF isawhitening filter as the error becomes a white noise.

4) Orthogonality of the Backward PEF:

el M m]=1o, DEIEME

T{EY /=m
The proof is easy, straightforward and in the book. Read the additional properties on page
876.



L evinson-Durbin Algorithm

P
This algorithm is an efficient method to solve the normal equation: § a, (K)o, (¢- k)=0

k=0
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r=12,..,P ap(O):lInMatrixform:G&(@:Qor G, =-09,, if wetake ap = 1 out

from the vector an.
Letslook at G,

&9.P-1 g.P-2 9,0 4

Since Gi,j) = Gli - j) ® G isa Teoplitz matrix. Also, Gli,j) = G~ (j, i) isa Hermitian matrix.

Then, the matrix can be rewritten as:

eg(m 1)u
. 5\a
Qxx(m)=gG;I1 gm—luwhereg gg(m )
@ni 9x(0) &
6 9 ¢
Then lets write

éam(l)l‘;l éa‘m—l(:l')l;I gjm—ll‘;l

é ua é a é

am:é aen l;l:éa.rn'l(z)l;l_i_é aen l;l

- é .. ué .. ueée.u

Sl § 0 8 Gt

Then the normal equation G, >a,, =-g _can be written as

This leads to recursive Levinson-Durbin Equations:
Results:

g.(m)+g’ a g.(m)+g. a
1) m :km - _ m—l = m1
am( ) gxx(0)+gm_1§'m—1 Er;-l

3 a (k)=a_,(k)+k.a, ,(m-k) k=12..m-1 m=12...P

bT _
“m1l
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Note: The equation (1) is written wrong in the text. Eq. 11.3.16, page 867 the denominator

should be Enfq_ 1 - Asanexample, let P= 3. Thecalculation startsat m= 1, 2, 3. So, we have:

Stagel: PEFof m=1 Stage2: m=2 Stage3 m= 3
s ol (O Ga)=ah)rkk,
jal)= 1= 01 1M =k kK ja,(2)=k, +ka (1)
PE = E i [k 1202 =k, 12,(3) =k,

LE =EolL- [k ! , 1w i
1Eo=0,(0)=5; B, =E@- k) | BBk

“BurgAlgorithm” page 926

fma(n)
- > ¢ > fm(n)

Each stage is being optimized due
to the orthogonality of backward

prediction error.
gml(n)_» z! @_b gm(N)

i fm(n) = fm—l(n) + k:ngm—l(n - 1)
,[gm(n) = gm—l(n - 1) + km fm—l(n),
|

At each stage:

The cost function to be minimized is

e, = E{ [fm(n)° +|9m(n)|2}

subject to the constraint that an(k) satisfy Levinson-Durbin recursion. Let ky, = am + jby, a each
stage. Then taking gradient of ey, with respect to a,, and b, and make it equal to zero, we get:

*) k. =- ,2E{gm-1(n_1)xfr:1—l(n)} R

/rm E{| froa(n) +|grma(n- 1)|2}

3

|
Lo
)
o
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optimum
Assuming that x(n) is ergodic, we can replace ensemble averaging (expected value) by sample

(time) averaging. Then we will get:

N
2 é gm—l(n_ 1) xfr;—l(n)

lz - n=m+1

mo N
[o]

a ﬁfml(n)‘z +A|9m1(n' 112]

n=m+1
En1

Also, E_ = tl |kmo|2)ém1. This equation is written wrong in the text Eq. 12.3.19 page 927.

Proof of the above eguation:

We proveit for Er; , the rest will follow.
fm(n) = fm—l(n)+ k:mgm—l(n - 1)
41 ()= B a4 ] B (- 2)7)
+ k:mE{fr;—l(n)gm—l(n - 1)}
+ krmE{fm—l(n) g:n—l(n_ 1)}
Now use the equation for kq, from Eq (*) of last page:
4 ()} = B f a0+ i B (- 2)7}

g o Ell )} gl

g Ko Ell )} E gl

= ()} ol 00}

=0 ol JEfI 1))
P E! = tl |kmo|2)ErIPl proof is complete.
Therefore, the difference between Burg and Levinson-Durbin algorithms are in the calculation of
km. Other than that, in both am(k) = am-1(K) + a:n_l(m— Kk {m=1,...P;, k=1,..,m-1} and

Em= (1- |Kn|?) Em1
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Selection of the AR Model Order — Section 12.3.6
The most common criteriathat selects the order are:
1) Akaike Information Criterion (AIC) (1979) that is based on selecting the order that minimizes

AIC(P)=£nSf,p+% wheres 2 = E, = MSE

2) MDL (Minimization of the description Length) proposed by Rissanen (1983):
MDL(P)= N¢n(s 2)) + P/n(N)
Example 1:
Lets consider aperfectly predictable signa: S, = A" €V, wheref isarandom variable.
l S WJ E l A2g I @ Wang o (n+/) g f J = AZgiwe!

Normal Equation for PEF, P = 1:
én? Ae’W°Ue1 u_ €00 ) .
g-Azejv“ 22 . () S)” S, =0 nonoise!
b AL+e Mea(l)=0p al)=-e™ PEFA()=1-e7"7!
It has one zero on the unit circle. It is a perfectly predictable signal and prediction depends on
frequency wp, not Aand not f .

What happens if we go for higher order? Let P = 2 then,

é e e °Ue 1 u &
eJ'W0 w, u
A=e 1 e U ()u Sou

R 3@2(2)9 €0d
This reduces to:

g- e JWo ueaz( ) % JWou

€ jw, ( ) -é jow u

e 1 ueaz e
but thisisa singular matrix. We need noise so that the matrix equation could be solved.
Example 2:

Let x(n) = Ae'" & + w(n) where w(n) is awhite noise.
2
0,(0) = A% +g,,(¢) and g,,, (€)= "

Notethat g, =9, = 0" signal and noise are uncorrelated here.



Also from previous equation we have: g, (0)= A* +s 2.

_ gxx(g) _ Azejwok‘

Lets normalize j xas gy (¢) = 9,(0) A?+s?

‘1o

2 2 2
Letl bedefinedas | =— 2 =_A/Sw__ S\R
A2+s2 1+ A’/s3 SNR+1

Clearlyo<| <1

® g, (¢)=1e" for £1 0 and gy (¢)=1for ¢ =0.
Now thefirst order PEF:

Malé 1 u_6&s 20
gl jw e ae Q:éll] 512=E1=M.MSE at order 1.
ge ™ 1 Uéai(l)u &0y

eaie =t fal)<k =167
s 1eM +a1)=0 'Tl'sle-lz

2" Order PEF:
é1 e 1e g 1 u &Zu
? jw, onl:Ié l:l_é u
él ezw 1 N le l,J(:ez;lz(l)@_@o@
Qe 1™ 1 g, (2 &0
-
P a,(l)=—-e"" and a,(2) =k, = —— """
)= e and a(2) =1 = 2L
I I 2w & |- [*0
b Alz)=1- —eVez'- —e™7z? s2=52C-|—| T
A(2) 1+1 1+1 2 1§ 1+ 5
If SNR=0dB® SNR=1® | :%
1 W, - 1 jw,
P A(z)=1- Z€"°z'and z ==&
2 2
A(z)=-1- Lowo i Loian 2 z,=¢ °aa—@z
3 3 ' 6

Note that as the order increases, the roots get closer to the unit circle.

wIN

MMSE, =s ? :g and MMSE, =s >
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AsP increases, MSE getscloser to s 2. Asarule of thumb P<% , Where N is the length of the

data. Also note that the prediction methods apply only to WSSsignals.



